Computer-oriented, n-body modelling of minimal surfaces  by Greenspan, Donald
Computer-oriented, n-body 
modelling of minimal surfaces 
Donald Greenspan 
Department of Mathematics, University of Texas at Arlington, PO Box 19408, 
Arlington, Texas 76019, USA 
(Received April 1983) 
In this paper a new approach to the modelling of minimal surfaces is 
described and applied. Rather than use a continuous model, we develop 
a discrete, n-body model with basic tensile interactions derived from 
classical molecular force formulae. Computer results are described and 
discussed. 
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Introduction 
Soap films and soap bubbles have long been of interest to 
mathematicians, physicists, and engineerslm5 (and see the 
numerous references contained therein). For soap films, for 
example, the fundamental problem, called the minimal 
surface or Plateau problem, has been that of finding the 
film bounded by a given, three-dimensional closed wire, or 
space curve. In general, the nonuniqueness of the solution 
of the problem is well known and extensive mathematical 
research has centred on proving the existence of at least one 
such solution.’ 
If one assumes ufficient differentiability of a particular 
class of soap films and, in addition, if one assumes that the 
film can be represented as a single valued function u = 
U(X,JJ), then the plateau problem can be formulated as a 
steady state boundary value problem for the nonlinear 
partial differential equation: 
(l+ u~)u,-22u,uyu,+(1+u~)uyy = 0 
or one in which the functional: 
(1) 
if (I+ u; + u;)“* dA (2) 
is to be minimized.*F5. Of course, equation (2) is the 
surface area of the film and (1) is the Euler equation of (2). 
Analytically, only the most trivial problems can be 
solved using either equation (1) or (2). However, the avail- 
ability of modern high speed digital computers has resulted 
in the development of several numerical methods for 
approximating solutions. ‘-’ These methods are of limited 
applicability because they are restricted to single valued 
solutions and because component iterative procedures may 
or may not converge. 
In this paper we will describe, develop, and apply a new 
computer oriented approach” to the Plateau problem. This 
method does not have the limitations imposed on pre- 
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viously developed numerical methods. It is an n-body 
approach which is more consistent with the physics of 
minimal surfaces because it utilizes a molecular type 
simulation of the fundamental tensile forces. 
Classical molecular mechanics 
It is of value to first review how molecules interact. 
Within any solid, liquid, or gas, molecules only interact 
locally, that is, only with their nearest neighbours. This 
interaction is of the following general nature.” If two mole- 
cules are pushed together they repel each other, if pulled 
apart they attract each other, and mutual repulsion is of a 
greater order of magnitude than is mutual attraction. 
Mathematically, this behaviour is often formulated as 
follows. The magnitude F of the force F between two 
molecules which are locally r units apart is of the form: 
c: H 
F=-pi- rq 
where, typically: 
G>O,H>O,q>p>7 (4) 
The major problem in any simulation of a physical body 
is that there are too many component molecules to in- 
corporate into the model. The classical mathematical 
approach is to replace the large, but finite, number of 
molecules by an infinite set of points. In so doing, the rich 
physics of molecular interaction is lost. A viable computer 
alternative is to replace the large number of molecules by a 
much smaller number of particles and then readjust the 
parameters in equation (3) to compensate.l* It is this latter 
approach which we will follow. 
Computer algorithm 
The general idea outlined in the previous section will be 
implemented as follows. Consider N particles Pi, i = 1, 2, 
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. . . ) N, each of unit mass. For At > 0, let tk = k At, 
k=O, 1,2 ,..._ Foreachofi= 1,2 ,..., N,letPiattkbe 
located at rj,.k, have velocity Z)i,k, and have acceleration 
ai,+ Let position, velocity, and acceleration be related by 
the recursion formulae: 36 35 34 , , , 3; 3' 3; 3p 2y 2, 
Vi,+ = vi, e + a (At) ai,e (starter formula) 
Vjk++=V~_++(At)a~,k k=1,2,3 ,... 
rj,k+i = rj,k + (At) vi,,‘++ k = 0, 1,2, . . . C7) lk 
At tk, let the force acting on Pi be Fi, k We relate force and 
acceleration by the dynamical equation: 1 1 
9 8 7 6 5 4 3 2 1 
Fi,k=mi%,k figure 2 
which, by the assumption of unit mass, simplifies to: 
Fi,k =ai,k (8) 
As soon as the precise structure Of Fi,k is given, then 
the motion of each Pi will be determined explicitly and 
recursively by equations (5)-(g) from given initial data. The 
force Fi,k is described now as follows. Let rij,k be the 
vector from Pi to Pj at time tk, so that rij,k = Iri,k - rj,kl 
is the distance between the two particles. Then, the force 
Fji,k on Pi exerted by Pi at time tk is assumed to be: 
G H 
Fij,k = - -+ 
‘ii, k 
Pii, kY 1 @ii, k>’ rij, k (9) 
which is consistent with equation (3). The total force Fi,k 
on Pi due to the N - 1 particles different from Pi is defined 
by: 
Fi,kzE G H + ‘ii, k -__ ___- 
j=1 @ii, k)’ 1 1 Pii, k>’ ‘ii, k (10) 
j#i 
Fortran programs for implementing the algorithm are given approaches to such problems by considering specific 
elsewhere.10*‘3 examples. 
Computer examples 
In this section, we consider a class of nontrivial Plateau 
problems in which the boundary curves are of the type 
shown in Figure 1, where C1 and C, are parallel, semi- 
circular segments of equal radii, and Lr and Lz are parallel 
straight line segments of equal length. In the spirit of the 
previous two sections, we will demonstrate three particular 
Figure 1 
s 
Figure 3 
Consider first a rectangular arrangement of 45 particles 
PI-PdS, arranged in a rectangular mosaic, as shown in 
Figure 2. Let the distance between any two adjacent hori- 
zontal rows of particles be unity and the distance between 
any two adjacent vertical columns be 1.00645. The par- 
ticles PI1-PIT, Pzo-Pz6, P29-P35 are called the interior par- 
ticles while the others are called the boundary particles. By 
construction, each interior particle has, in the usual 
numerical sense, exactly four neighbours. 
The rectangular configuration shown in Figure 2 is then 
folded into the right cylindrical surface shown in Figure 3. 
The particles PI-P9 are on C,; P37-P45 are on C,; PI, Plo, 
P19,‘Pz8 and P37 are on L 1 ; and P9, PIE, Pz7, P36 and PG5 are 
on Lz. The radii of both Cr and CZ are 2.56292 and the 
Euclidean distance between each interior particle and its 
four neighbours is now unity. Spatial coordinates of all 45 
particles are then assigned in Table 1 as initial positions. 
Next, the force parameters p = 2,q = 4, G = 1 ,O, 
H = 0.5, and the time step At = 0.001 are assumed. The 
boundary particles are then fixed for all time and the 
interior particles are assigned zero initial velocities. The 
interior particles are thereafter allowed to vibrate to steady 
state by application of the computer alogrithm given earlier. 
However, in this first example, each interior particle is 
allowed to have a force interaction only with its four 
neighbours. 
The resulting steady state minimal surface configura- 
tion is shown in Figure 4 and is in agreement with experi- 
424 Appl. Math. Modelling, 1983, Vol. 7, December 1983 
Table 1 
initial Steady state 
i x Y z x Y z 
1 -2 2.563 0 -2 2.563 0 
2 -2 2.368 0.981 -2 2.368 0.981 
3 -2 1.812 1.812 -2 1.812 1.812 
4 -2 0.981 2.368 -2 0.981 2.368 
5 -2 0 2.563 -2 0 2.563 
6 -2 -0.981 2.368 -2 -0.981 2.368 
7 -2 -1.812 1.812 -2 -1.812 1.812 
8 -2 -2.368 0.981 -2 -2.368 0.981 
9 -2 -2.563 0 -2 -2.563 0 
10 -1 2.563 0 -1 2.563 0 
11 -1 2.368 0.981 -0.893 2.131 0.731 
12 -1 1.812 1.812 -0.825 1.547 1.335 
13 -1 0.981 2.368 -0.799 0.815 1.734 
14 -1 0 2.563 -0.791 0 1.871 
15 -1 -0.981 2.368 -0.799 -0.815 1.734 
16 -1 -1.812 1.812 -0.825 -1.547 1.335 
17 -1 -2.368 0.981 -0.893 -2.131 0.731 
18 -1 -2.563 0 -1 -2.563 0 
19 0 2.563 0 0 2.563 0 
20 0 2.368 0.981 0 2.088 0.673 
21 0 1.812 1.812 0 1.501 1.237 
22 0 0.981 2.368 0 0.790 1.611 
23 0 0 2.563 0 0 1.742 
24 0 -0.981 2.368 0 -0.790 1.611 
25 0 -1.812 1.812 0 -1.501 1.237 
26 0 -2.368 0.981 0 -2.088 0.673 
27 0 -2.563 0 0 -2.563 0 
28 1 2.563 0 1 2.563 0 
29 1 2.368 0.981 0.893 2.131 0.731 
30 1 1.812 1.812 0.825 1.547 1.335 
31 1 0.981 2.368 0.799 0.815 1.734 
32 1 0 2.563 0.791 0 1.871 
33 1 -0.981 2.368 0.799 -0.815 1.734 
34 1 -1.812 1.812 0.825 -1.547 1.335 
35 1 -2.368 0.981 0.893 -2.131 0.731 
36 1 -2;563 0 1 -2.563 0 
37 2 2.563 0 2 2.563 0 
38 2 2.368 0.981 2 2.368 0.981 
39 2 1.812 1.812 2 1.812 1.812 
40 2 0.981 2.368 2 0.981 2.368 
41 2 0 2.563 2 0 2.563 
42 2 -0.981 2.368 2 -0.981 2.368 
43 2 -1.812 1.812 2 -1.812 1.812 
44 2 -2.368 0.981 2 -2.368 0.981 
45 2 -2.563 0 2 -2.563 0 
YJ 
Figure 4 
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mental results. The steady state positions of the particles 
are recorded in Table 1. 
For our second example, consider a rectangular array of 
43 particles P1-l’43, but this time arranged in a triangular 
mosaic, as shown in Figure 5. The distance between any 
two adjacent particles in the horizontal direction is, again, 
1.00645, but the distance between any two adjacent rows 
of particles is, this time, 0.866. The particlesPIe-PI,, 
P19-Pzs and Pz7-PM are the interior particles while the 
others are called the boundary particles. By construction, 
the interior particles PIo, PI-,, Pz7 and Ps4 have five neigh- 
bours each, while the remaining interior particles have six 
each. 
The configuration shown in Figure 5 is then folded 
into a right cylindrical surface, as shown in Figure 6. The 
particles PI-P9 are on Cr ; P35-P43 are on Ca; PI, PI8 and 
Ps5 are on L1; and P9, Pz6, Pq3 are on Lz. The radii of both 
Cr and C, are 2.56292 and the Euclidean distance between 
any interior particle and each of its neighbours is unity. 
Spatial coordinates of all 43 particles are then assigned in 
Table 2 as initial particle positions. 
The force parameter choices arep = 2, q = 4, G = 1.0, 
H = 0.5, and the time step is At = 0.001. The boundary 
particles are then fixed for all time and the interior par- 
ticles are assigned zero initial velocities. Thereafter, the 
interior particles are allowed to vibrate to steady state by 
application of the computer algorithm given earlier. How- 
ever, this time each particle is allowed to have a force inter- 
action only with particles which fall within a radius of 1.35 
units from it. 
The steady state minimal surface configuration is shown 
in Figure 7 and the steady state positions are recorded in 
Table 2. 
43 42 41 40 39 38 37 36 35 
Figure 5 
Figure 6 
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As a third example, the second example was modified 
so that each interior particle was allowed to interact only 
with its neighbours. The results were identical with those 
given in Table 2. 
Remarks 
Initially, the calculations described in the previous section 
were relatively time consuming, the reason being that con- 
vergence to steady state from the initial cylindrical con- 
figurations required a very large number of surface vibra- 
tions. However, because of the physical nature of the 
model, the convergence was accelerated easily by intro- 
ducing physically motivated techniques. First, since one 
can expect the oscillations of the particles to be about the 
steady state, average position coordinates could be intro- 
duced after a fixed number of iteractions. Ten thousand 
Table 2 
Initial Steady state 
i x Y z x Y z 
1 0 2.563 0 0 2.563 0 
2 0 2.368 0.981 0 2.368 0.981 
3 0 I.812 I.812 0 1.812 1.812 
4 0 0.981 2.368 0 0.981 2.368 
5 0 0 2.563 0 0 2.563 
6 0 -0.981 2.368 0 -0.981 2.368 
7 0 -1.812 1.812 0 -1.812 I.812 
a 0 -2.368 0.981 0 -2.368 0.981 
9 0 - 2.563 0 0 -2.563 0 
10 0.866 2.514 0.500 0.885 2.283 0.651 
11 0.866 2.131 1.424 0.928 I.851 1.305 
12 0.866 1.424 2.131 0.949 1.215 1.831 
13 0.866 0.500 2.514 0.957 0.423 2.125 
14 0.866 -0.500 2.514 0.957 -0.423 2.125 
15 0.866 - 1.424 2.131 0.949 -1.215 i ,831 
16 0.866 -2.131 1.424 0.928 -1.851 1.305 
17 0.866 -2.514 0.500 0.885 -2.283 0.651 
18 1.732 2.563 0 1.732 2.563 0 
19 1.732 2.368 0.981 1.732 2.059 0.907 
20 1.732 I.812 I.812 1.732 1.505 I.518 
21 1.732 0.981 2.368 1.732 0.800 1.921 
22 1.732 0 2.563 1.732 0 2.063 
23 1.732 -0.981 2.368 1.732 -0.800 1.921 
24 1.732 -1.812 I.812 1.732 - 1.505 1.518 
25 1.732 -2.368 0.981 1.732 -2.059 0.907 
26 1.732 -2.563 0 1.732 -2.563 0 
27 2.598 2.514 0.500 2.579 2.283 0.651 
28 2.598 2.131 1.424 2.536 I.851 1.305 
29 2.598 1.424 2.131 2.515 1.215 I.831 
30 2.598 0.500 2.514 2.507 0.423 2.125 
31 2.598 -0.500 2.514 2.507 -0.423 2.125 
32 2.598 - 1.424 2.131 2.515 -1.215 I.831 
33 2.598 -2.131 1.424 2.536 -1.851 1.305 
34 2.598 -2.514 0.500 2.579 -2.283 0.651 
35 3.464 2.563 0 3.464 2.563 0 
36 3.464 2.368 0.987 3.464 2.368 0.981 
37 3.464 I.812 I.812 3.464 I.812 I.812 
38 3.464 0.981 2.368 3.464 0.981 2.368 
39 3.464 0 2.563 3.464 0 2.563 
40 3.464 -0.981 2.368 3.464 -0.981 2.368 
41 3.464 -1.812 I.812 3.464 -1.812 I.812 
42 3.464 - 2.368 0.981 3.464 -2.368 0.981 
43 3.464 -2.563 0 3.464 -2.563 0 
Y / 
Figure 7 
iterations were found to be most convenient for this 
purpose. Second, since at steady state the particle velocities 
will be zero, one can damp the velocities periodically and 
even set them equal to zero after a fixed number of itera- 
tions. Combination of both of these ideas led to very rapid 
convergence.“$13 
Several other force parameter choices were studied, but 
the results were always entirely similar to those described 
earlier. Gravity was also introduced into the force formulae 
and, when scaled properly, resulted in a natural sagging 
effect. 
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